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Abstract—In several travel cheice situations (e.g. automobile ownership level and trip frequency) the
alternatives available to an individual randomly chosen from the population exhibit some internal choice-
related ranking: the choice of a given alternative implies that ail lower-ranked alternatives have been
chosen. Such alternatives are referred to as “nested”. This paper presents a model for estimating choice
probabilities among nested alternatives. The modzi is devised from the weli known logit model and uses
existing logit maximum-likelihood estimation techniques (and computer packages). The approach is shown
to be more attractive than the multinomial logit and lincar regression modeis, from a theoretical point of
view, yet cheaper than the multinomial probit model. The model is developed in a disaggregate, utility
maximization framework. An exampie application, estimating probabilities of trip frequencies by elderly
individuals is presented.

1. INTRODUCTION

This paper presents an econometric model for estimating choice probabilities among nested
alternatives. The term nested alternatives (or nested choice set) is used to describe a choice set
where the alternatives are associated with some ranking and the choice of any alternative
implies that all lower-ranked alternatives have been chosen as well. The objective of this paper
is to present a model that is based on a set of assumptions that differs from the ones leading to
the multinomial logit (MNL), thereby overcoming some undesirable properties of the MNL
model, yet retaining the choice theory base and the computational ease of the MNL model.

In order to establish the basis for the model presented here, a short review of the
disaggregate demand modelling framework and the MNL model is presented below.t

Underlying disaggregate demand models is the hypothesis that in a choice situation. an
individual associates a value with each available alternative. This value is commonly referred to
in the travel demand literature as “utility”. The utility of an alternative is a function of the
decision-maker’s characteristics and the alternative’s attributes, and the decision-maker is
assumed to choose the alternative which yields the greatest utility. Since utilities are not
observable, they are modelled as random variables distributed across the population of
decision-makers.

Most operational models assume a functional form of the utility which is linear in the
paramet.rs and with additive disturbance wcrm. Specifically the utility of alternative i to an
individual randomly chosen from the population, U, is given by:

U=BZ+§&, (1

where 8 is a vector of parameters. Z; is a vector of functions of characteristics of the individual
under consideration and the attributes of aliernative i, and & is a random variable representing
an unobserved disturbance or error term. The term B7; is denoted V; and termed the observed
utility (or mean utility, since without loss of generality, it can be assumed that E[U;] = V;).

Let I denote the index set of S, the set of alternatives available to a randomly chosen
decision-maker. The probability that alternative i is chosen, P; is given by:

Pi=PrUizUpVje Ipviel @

+A more detailed discussion of disaggregate demand modeis and the related choice theory can be found in a variety of
refercnces including the baoks by Domencich and Mcladden (1975) and Richards and Ben-Akiva (1973).
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In order to solve for the choice probabilities (eqn (2)), one has to assume a probability law
for the error terms & (see eqn (1)). When the §’s are assumed to be independently and
identically distributed (i.i.d.) Gumbel variates, i.e.

P& =w)=exp(e™), (3)

eqn (2) reduces to the well known multinomial logit (MNL) formula:

P=—, )
e’
V/el

as shown by Beilner and Jacobs (1972) and McFadden (1973).

There have been numerous applications of the MNL model to travel demand analysis, and
computer packages for estimating the vector of parameters, 3, using maximum likelthood are
readily available (e.g. the National Bureau of Economic Research’s TROLL System). These
maximum likelihood estimates are consistent, asymptotically efficient and asymptotically
normal.

The major drawback of the MNL model is that it exhibits the so-called “Independence from
Irrelevant Alternatives” (ILA) property (Luce, 1959). The 1A characteristic of the MNL model
gives rise in some instances, to predicted behavior which is unacceptably counter-intuitive. As
shown by many researchers (e.g. Mayberry (1970), Schneider (1973), Florian and Fox (1976) and
Daganzo and Sheffi (1977)) the logit model tends to overestimate the choice probability of
correlated alternatives. This pecularity of the MNL model is rooted in the assumption that the
error terms, &’s, are independent random variables, thus correlations among the
utility functions cannot be captured.

This paper deals with another choice situation where (as shown in Section 2) the in-
dependence (among the alternatives’ utility functions) assumption leads to counter intuitive
results, and therefore the multinomial logit cannot be utilized. This is the case of the choice set
comprising rested alternatives, for which an alternative model is developed.

The case of nested alternatives is presented in the next section. Section 3 presents the
postulates on the structure of the utility functions, upon which the model is based and Section 4
derives the model from these postulates. Sections 5-9 demonstrate the use of the
proposed model to estimate and predict trip frequencies among elderly individuals. The model
is also compared (costwise) with other available models, in Section 8. Section 10 concludes the
paper, summarizing the model’s features.

2. THE CASE OF NESTED ALTERNATIVES

The choice situation that this paper deals with is characterized by the alternatives being
naturally rank-ordered. An example of this might be the number of automobiles owned by a
given houschold. In this case the alternatives include: owning no cars, one car, two cars, etc.
Another example involves trip generation (daily trip frequency) in which households (or
individuals) are assumed to choose to undertake no trips, one trip per day, two trips per day,
etc. A third example of ranked, nested alternatives (outside the context of travel demand
models) is the family size decision, which has a very similar structure to the car ownership
example, with regard to the number of children that a family chooses to have.

The basic characteristic of the choice siteation under concertration here is that the ith
alternative cannot be chosen without choosing all the altcrnatives 0, 1, ... (1= 1), ceforehand. In
fact, alternative i is considered only if alternative (i — 1) (and all those preceding it) have been
chosen. At this point, the decision-maker presumably cannot reverse former decisions and the
choice is only between accepting i or rejecting it. In case of rejection, the final choice is (i — [).
The (i + 1)th alternative (and all higher ranked: alternatives) are not even counsidered if i is
rejected.

A choice model such as the one just described implies a particular interdependency among
the alternatives included in a decision-maker’s choice sct. This interdependency excludes the
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possibility of using the ordinary MNL model to estimate the model’s parameters and predict the
probability of choosing each alternative. To demonstrate this interdependency and to exemplify
the ITA property of multinomial logit (which is the stumbling block in this case, as in many
others—as mentioned in Section 1), consider an auto ownership model. With the estimation of a
MNL model one can predict the probability that a given household will own i cars, i =0, 1,
2,.... Now consider (for the sake of argument only) predicting the implications of a new car
use restraint policy. The policy includes an extremely high tax on each car owned by any
household from the third up. The prediction of the MNL model will be that most of the owners
of three or more cars will now be distributed among zero, one, and two cars according to the
relative share of these alternatives before the new policy was implemented. If the sum of
probabilities of owning three or more cars was, say, 0.25 before the new policy implementation,
the MNL model’s prediction would involve a 25% increase (approximately) in the share of
carless families. The share of one and two car families would also be predicted to grow by 25%.
This is obviously not realistic since one would expect the number of carless and one car
families to remain almost unchanged as a result of the above mentioned policy. It is more
realistic to assume that most of the previous multicar families will now choose to own two cars.
This example demonstrates the effect of the ITA property of the MNL model.

Several models, other than MNL-based models, might have been considered for the case of
nested alternatives. These include several variants of linear regression, and the multinomial
probit (MNP) model. Using the notation introduced in Section 1, the estimated equation in the
case of a linear regression is;

Elil=BZ+¢ (5)
where E[i] is the expected number of alternatives chosen (e.g. trips per day, car ownership
level, etc.). Also included in the class of linear regression model are estimation techniques such
as the ones developed by McKelvey (1973) and Tobin (1958) for the analysis of models with
limited dependent variables. All the above mentioned regression models cannot incorporate
interdependencies between the alternatives such as the one described in this section. Another
drawback of this class of models is that they do not offer an interpretation within the
framework of utility maximization and choice theory. A third drawback is that when utilized in
a prediction mode, only the means of the dependent variable is predicted (at the disaggrepate
level) rather than the whole distribution (as is the case with choice-based models).

One can also estimate probabilities, using linear forms for aggregated data to estimate the
equation:

Pr(i)=BZ +¢& (6)

A model of this form was estimated by CRA (1972) and others. Aside from all the above
mentioned drawbacks this model can be estimated only on aggregate data. Furthermore, in
prediction, certain combinations of characteristics and attributes (values of Z) might produce
“probabilities™ that are out of the zero-one range.

The multinomial probit (MNP) is another possibility for the estimation of choice prob-
abilities among nested alternatives. The model is based on the assumption that the error term
vector £=(...., &...) in eqn (1) is multivariate normally distributed. Since the multivariate
normal distribution admits full parametrization in terms of a covariance matrix, the MNP does
not exhibit the ILA property and can be used to construct a cheice model in the environment of
any correlations among the alternatives’ utilities. Unfortunately, albeit recent developments in
MNP estimation procedures (see Daganzo, Bouthelier and Sheffi, 1977a, and 1977b) the model
is still relatively expensive to use, for problems involving a large number of parameters and
alternatives.

In the next two sections, a model of the choice among nested alternatives based upon the
MNL model is suggested. The proposed model is developed within the choice theory and utility
maximization framework, and does not exhibit the IIA property of MNL. Prediction with the
new model and estimation of its coefficients are generally an order of nagnitude cheaper than
probit and, do not require the development of a special computer code.
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3. BASIC POSTULATES

The choice process under consideration can be characterized by two basic postulates:

A. No alternative can be chasen without it-implying that all the lower ranked alternatives
had been chosen. If an alternative is not chosen, no higher-ranked alternative can be chosen.

B. The marginal utilities of the alternatives in the choice set are independent random
variables,

Postulate A is straightforward and is really an observation that is implied from the
description of the process (it is impossible to choose to have a second child before the first is
born or to purchase the third car first). To formalize this postulate we will use the choice theory
basis discussed in Section 1. Consider an arbitrary decision maker facing a choice set S,
containing mutually exclusive alternatives each associated with a utility level U, The siibseript §
is part of an index set I, containing all integers ordered by the nesting relationships.t The first
part of postulate A states that if i is the chosen alternative, the event:

Wiz=U,|U., = UpVi<i-1,je n={ nz(UJE UinlUin =z Uj) N (U = UglVi € I 7

This part of Postulate A implies that the utilities are a monotonically increasing function of
their index set for all alternatives ranked lower than the chosen one.

The second part of Postulate A implies that the utility of any alternatives ranked higher than
the one following the chosen alternative, is lower than the utility of the alternative following the
chosen one. In other words, the event:

(Up> UlUi> UpisVi>i+1,j € I) = 4. (®)

In probability space, this means that the probability of choosing an alternative equals zero if its
predecessor was not chosen.

Postulate B is the core of the model and this section will be devoted to explaining and
analyzing it. To begin with, this postulate means that the choices are made “one at a time”. This
might not be so in reality as a family may decide a priori on a desired family size level and not
re-evaluate the conditions continuously, or to purchase two cars at the same time. In some
cases such as the auto ownership example, this type of behavior is rare enough to be ignored.
However, in other applications (such as the household size) this behavior might be quite
common and invalidate the use of the model presented in this paper. Thus the validity of this
assumption should be checked before the model is considered for use.

The second implication of Postulate B is that the random variables formed from pairwise
subtraction of the utilities of the given alternatives are independent random variables. In
probability space, it follows that the probability of the intersection of any two events, each defined
by an arbitrary alternative’s utility being greater than or equal to the utility of its adjacent
alternative, equals the product of the corresponding probabilities:

PriUin =z U) N (Ury = U} = PHAUL = )N (AU, = 0)

=Pr{AUi1 =0} - PriAU;, =0} Vi#jijel 9
where
AU=U;- U,
AUi = UJ'— i-1

An intuitive argument for Postulate B. leading to the above result (eqn (9)) is developed in the
remainder of this section, The arguicent is based on a particular specification of 2 multinomial
probit model for the problem of nested alternatives, and through a simple transformation leads
to independently distributed marginal utilities. '
Assume a multivariate normal (MVN) distribution of the error term vector £ associated with
tThe index set [ can include only a subeet of 2% integers, according o the problem at hand and without loss of

generality; § (and ) can slso vary ameng decision makers. In fact, the size of the choice set does not have to be defined
PrIOF {0 estimation, as will become apparent in the following sections.
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the utilities of the alternatives open to an arbitrary decision-maker. It follows from eqn (1) that:
U~MVN(V,3) (10)

where U is a vector of utilities of the alternatives, V is the vector of observed (measured)
utilities, and 3 is the covariance matrix of the error term vector ¢, associated with U,

The structure of the covariance matrix 3, can be specified following the description of the
choice process amoeng nested alternatives. Since the choice of any alternative implies that all
lower-ranked aliernatives have been chosen (Postulate A) a reasonable specification might be
the following:

2 2 2

ap oy a 0'12 = —_— ROy =i
2 2 2

ap (e8] o, 022 p— o —_ J—

2 2
To o o: 22 0'32 —_ — = —

b~ J

or: (Zy)=ai; k =min{i, j}; Vi, j €1

where o is the variance associated with the error term of the utility of the ith alternative.t

Before transforming the MNP model to a model with independently distributed marginal
utilities, the above mentioned specification should be motivated. However, note that it cannot
be “justified” since the “true” econometric model is generally unknown, thus only an intuitive
motivation is offered here.

As shown by several researchers, many choice problems can be visualized as a choice of a
path in an imaginary network.t The paths of such a network are associated with utilities (the
alternatives’ utilities), and each decision-maker is assumed to choose a route from his “origin”
to his “destination”, i.e. choose an alternative. Since the utilities are random variables, the
concepts used in stochastic network assignment problems (see Daganzo and Sheffi (1977)) can
be used to find the chosen routes.

A network structure corresponding to the case of nested alternatives is shown in Fig. 1. This
network illustrates the nesting relationships among the alternatives (i.e. if alternative i is
chosen, all lower-ranked ones are chosen as well), and motivates eqn (11) if one accepts the
view that the covariance among “routes” i and j is only in the “links" they share in common. In
other words, the covariance structure is related to the overlap between routes.

Destination

(=)

AU,
Fig. 1. The choice structure as a network.

tSimilar specification of a covariance matrix for an auto-ownership choice model utilizing MNP, has been used by
Daganzo, Bouthelier and Sheffi (1977b).

#The visualization of travel choices in the transportation market as a network problem was suggested by Dafermos
(1974) whos developed a deterministic model of choice. The idea was further developed by Danzig ef al, who
demonstrated that the elastic demand traffic assignment problem can be solved as a fixed demand problem on an expanded
network. Recently, Sheffi and Daganzo (1978) and Sheffi (1978) developed a framework for visualizing must fransportation
problems as network problems within the framework of choice-theory based travel demand models,

TR-B Vol 13B, Mo, 3—B
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At this point, once the utility functions

themselves have been specified, and eqn (11) is
accepted as the covariance specification, we

have a completely specified chc.ce model.
However, as is the case with any other choice model, only the differences in utilities are

estimable. Thus, consider now the random vector AU =M - U where M is the linear trans-
formation matrix given by:

-1 fori-j=1
=1 & otherwise

, (12)
where §; is the Kroneker delta. M is a square matrix whose order equals the number of
alternatives (“routes” in Fig. 1), open to the arbitrary decision maker under consideration. The
random vector AU corresponds to the circumferencial links of the network shown in Fig. I or,
more generally to the difference in the utilities of the alternatives:

[ o, '!
U= U, \l
Ug - Uz |
AU=MU= { U,-U, ‘s
- |
T |
[ — | (13) l
i
The probability density function of the new random vector is given by ’\
AU ~ MVN(MV, M3MT) (14) \
where: \
[ v, |
Vg = Vo l
V-V, l
, MV=1{ Vi-V, !
- !
* - (152) ;
and: :
[ o 0 0 0 e ] o
0 a - 0'02 0 0 ———— —— aﬂvl
0 0 o’ —a -— —_— = (8).
MZMT = 0 0 0 0‘32 - 0'22 —_— i 1Y l‘
0 0 0 0 —_—— e i
- — . = J (15b) \
L ; eqn
x i
This result gives an intuitive background for Postulate B. Note that the non-diagonal entries
of the covariance matrix

shown in eqn (15b) are all zero, i.e. the differences in utilities are
independently distributed variates.

In our case we do not use the normal distribution assum
model. The above mentioned MVN-based model was only
basis for Postulate B and motivate the use of the logit m
since those can be assumed to be independent.

R

ption (eqn (10)) but rather the logit .
. . S This
intended to provide some intuitive

: i lteri
odel for the differences in utilities, anert
proba
. . . ; ‘ . expre
An alternative treatment of Postulate B is a comparison with the MNL model assumptions. '
In the MNL case, the utilities themselves are assumed independent while in our model only the
marginal utilities are assumed to be independent. As shown in the sequel, this assumption
obviates the I[A property of the MNL model.

The two postulates of this section are used in the next one to set up the model.

Th=
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4. THE MODEL
The following derivation of the model is based on the random utility theory reviewed in
Section 1, and uses the nomenciature developed in the preceding section. Repeating eqn (2), the
probability that alternative { will be chosen is:

Pi=PrU;=U; Vjel] Vi€l

which is the utility maximization principle. Focusing on the chosen alternative, i, the index set I
corresponding to the choice set S, can be divided into two mutually exclusive subsets as

follows:
I'=s{vi<i:;jern
I"'={Vj>i;jer
Utilizing the independence property of Postulate B, expressed in eqn (9), eqn (2) becomes:
P=Pr(Ui=U;Vje ) Pr(U;=U;¥Yj € I"). (16)

Focusing our attention on the subset I', the first term in the product above can be expanded as

-a product of marginal probabilities:

PT(U,'E UJ,V} S Ir)z Pr(U;E Ui—lIUi—l = LT},; V]“(l'— 1)
o PrUrz U |Up 2 U VI<k—1) - -
o PHU= U\ Uyz Uy) - PRU = Uy). ' (17

But, from eqn (7) (first part of Postulate A) we conclude that:

Pr(U; = U,,Vj € I’)={ l—_[ PriU,= Uk7[|Uk,|2 Uk*l)}' Pr(U,= Ug)

i=k=2

Invoking again eqn (6) for the pairwise independence of all terms in the above product, we get:

Pr(U,zU; Vi € IN=[] PHU,= Uy). (18)
k=1

The second term in the product on the right hand side of eqn (16) corresponds to the set I”
and to the alternatives that are ranked higher than the chosen one. It follows directly from egn

(8) that:
Pr(Ui= Uj; Vi €1 = Pr(U; = Uyyy). (19)

Combining the two index subsets I' and I”, and substituting eqn (18) and eqn (19) in
eqn (16), the final result becomes:

Pi=Pr(Ui= Uwy) - [ PHU = Ur). (20)
k=1

This is the random utility model that corresponds to the choice among ordered integer
alternatives. To simplify further treatment of the model, denote the above mentioned binary
probabilities by Py [i.e. Py =Pr(U.,= U)]. Using this notation, the model can be
expressed as:

Pi=(1- R-H,.-)[;[] Bl 1)

The model is a product of inde-pendent binary choices. Estimating each of the binary

e
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probabilities can be carried out through the use of a logit model, The use of a logit model is
justified in the case of a binary choice problem since the difficulties arising from the 1A
property of the multinomial logit do not exist In a binary model.

When this model is estimated, every decision maker, choosing alternative { is a source for
i+ 1 data points, The observation is that he/she preferred 1 over 0; 2 over L ...;ioveri-1
and ! over i +1,

This suggests one straightforward way to estimate the model's coefficients. Let Viegi =
Viei— Vj, where V; is the observed utility of alternative j. To estimate the parameters of Vy,
the whole sample is used with the choice model: Pro=1/[1+exp (V,— V)] for all sampled
individuals who chose Alternative 1 or a higher ranked one, and (1 — Pyyo) for all individuals who
chose alternative 0. Next all sampled individuals who have chosen zero are excluded from the
sample and the coeflicients of Va are estimated, with Py =1/[1+exp(V,- V2)] for all
individuals who chose alternative 2 or a higher ranked one, and (1 - Psyy) for all individuals who
chose alternative 1. Next, the coefficients of Vo are estimated, using only the part of the
sample which includes individuals choosing alternative 2 or a higher ranked one, and so forth.
In a sample including observed choices up to alternative k, one would have to estimate k + 1
such binary models in order to estimate the coefficients of the utility functions associated with
all the alternatives, The prediction, then, would be performed using eqn (21), utilizing any
aggregation technique such as classification, simulation, or complete enumeration (see Kop-
pelman (1976) for a discussion of these and other aggregation methods).

However, the above estimation procedure is very inefficient since there is a fixed cost
involved in setting Up many separate computer programs. A more important disadvantage of
this procedure is that it does not enable the user to apply restrictions across alternatives or to

predictions beyond the limit of the highest chosen alternative observed in the sample, (These
points are further explained below.) Fortunately, the model can be estimated with all binary
submodels considered simultaneously. The reason for this is that our mode] (eqn (21)) is in the
form of a product of probabilities, and so is the likalihood function.

The likelihood function for any choice model is:

% L= P, 22)

3

—=

i=

where P, is the probability that individual ¢ (from the sample) will choose alternative i, and
there are N decision makers in the sample. Substituting the model of eqn (21), one gets:

N i
L= H (1- Pi+1|r, 1) ﬂ Pk]k—l,n (23)
=] =1

and since multiplication is an associative operator, the maximum likelihood computer package
will maximize over the binary conditional probabilities, performing the equivalent of the
cumberscme method described in the preceding paragraph, in only one run. (The methods are
equivalent only for the uncenstrained case, of course.)

In specifying the nested-alternatives-logit model, one has to consider two different
specification issues. The first one is common to all econometric models: the functional form of
the utility function. Since (due to the unimodality characteristics of its likelihood functions) the
logit model is typically speciiied as linear in the parameters, one has only to specify the
functional form of the explanatory variables. Also, as in any other choice model, one has to
specify which variables are alternative-specific and which are generic.

The second specification issue has to do with the ranking of the alternatives; one can specify
a functional form of the generic variables with respect to the utilities’ index set. For example, in
all auto ownership model, Burns, et al. (1975) dealt directly with a specification with respect to

TGeneric variables are those whose parameters are constrained to be equal across alternatives, Some variables can, of
course, be specified as generic only across some of the alternatives.
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the index set (in a MNL model framework) by introducing two composite variahles. The first
one had to do with ihe increased accessibility provided which ezch additional automobile and
the second one refiected the decreasing available income for consumption of other goods, as a
larger component of the income is tied up in owning automobiles. An “available income”
variable for alternative ; (owning i cars) can be specified as:

INC~f(PR)) "

where INC is the total annual household income, PR, is the annual cost of owning and
operating i automobiles and f(-) is a functional form to be specified. For example, a simple
specification of f (-) might be f(PR;) = B i PR;, where B is a parameter to be estimated, i.c.
linear specification with respect to the index set. (The above mentioned researchers used a
different specification.)t

Note that in the mode] proposed in this paper, the specification with respect to the index set
in a testable hypothesis in the same sense that a generic entry is. In the above mentioned
example, one can specify the “available income” variable for alternative / as:

INC-8;- PR,

Once the estimation has been carried out, any hypothesis of the functional form of B; with
respect to i can be tested.

Note also that it is the simultaneous estimation of the nested alternatives logit that enables one
to specify generic variables in this model and to specify the measured utilities with respect to the
index set. ‘

In the second part of this paper, from Section 5 on, this model is used to estimate a trip
generation example and the results are compared with ordinary least squares estimation. The
emphasis in this example is on demonstrating the estimation technique and the prediction
procedure, as well as comparison to other models.

5. THE PROBLEM AND THE DATA?Y

The structure described in the preceding section was used to estimate a trip generation
model. The choice of daily travel frequency falls in the category of nested alternatives; possible
choices might be 0 (not to take any trip) or 1, 2, 3 ... daily trips. The model is applied to
non-work vehicular trips of elderly individuals.

The decision-making unit used in this example is the elderly members of a household taken
as a group. Elderly individuals are defined here as persons over 65 years of age. The household
elderly group was chosen as the behavioral unit rather than individuals because household
characteristics and interactions between travel of household members were expected to be the
significant determinants of frequency-of-travel choice.

In general, a trip generation problem might not conform with our model of ordered nested
alternatives in two aspects. First, there is a problem with using the entire household as the
behavioral unit. Trips might be decided upon simultaneously and carried out by more than one
person. The model cannot account for this phenomenon since the “one choice at a time”
assumption is basic to its structure. The second difficulty is that multi-destination trip chains (in
which a number of trips are combined in a single tour from the residence) cannot be accounted
for in our model, and tours have to be counted as trips.

Fortunately both those deficiencies of modelling trip generation are not significant in the
sample. Less than 5% of the trips were carried out by more than one individual and only 3% of
the total trips in the sample were found to be portions of tours. Thus in the case of the elderly,
our rodel is quite suitable for modelling trip generation behavior,

The sample used to estimate the model is taken from a 25% random subsample tape of the
1968 home interyiew survey in the Washington, D.C. Metropolitan area. All complete inter-

tAs an eside, note that Burns et a (1975) tried to capture some of the interdependence among the alternatives through
a careful specifization of the measured utilities (i.e. specification with respect to the index set). Such specification should
always be alttemstad since it can add te the explanatory power of the model.

TA more deiiied deseription of (his exampic can be found in Hendrickson and Shefli (1978).




198 Yoser SHerr1

views of households with elderly members were used for the estimation. In all, 684 households,
774 clderly persons and 509 home-origin, one way trips were represented.

The variables of interest which are available from the home interview dataset include:

(1) Houschold data: location of residence, household size, auto ownership level, income (by
category) and availability of transit service.

(2) Individual data: age, possession of driver’s license and employment status,

(3) Trip data: trip purpose, destination and mode of travel. -

In addition to the data available from the home interview survey itself, travel impedance and
some land use data were available from a companion dataset prepared for the Washington
Council of Governments by R. H. Pratt and Associates. Variables of interest from this dataset
include:

(1) Trip Data: transit fare, transit time, auto travel time and automobile travel cost. (For
each origin-destination pair.)

(2) Land Use Data: commercial, residential and total area per district.

Two pieces of information that might have been important in determining trip generation
behavior of elderly individuals, were unfortunately unavailable. There were no data concerning
the physical condition of the interviewed persons and there was no information about walk
trips. However other variables were used to approximate and capture the effect of those. The
possession of driver licenses and the number of elderly workers serve as indicators of physical
conditions, and the commercial area in residence district was expected to capture the oppor-
tunity for walking trips.

6. SPECIFICATION OF THE UTILITY i:UNCTIONS
The utility functions specified for the model consist of three types of variables: household
characteristics, district land use and travel impedance. The variables used are defined in Table
1. Means and standard deviations of the variables are summarized in Table 2.

Table 1. Definition of variables

Household Characteristics
ELDERLY: number of elderly members of a household (65 years of

age or older)

NON-ELDERLY:  number of non-elderly members of a household

CARS: number of automobiles available to a household

LICENSES: number of elderly household members possessing driver's
licenses

WORKERS : nunber of employed elderly household members

INCOME : annual household income (in hundreds of dollars)

Land Use Characteristics
COMM AREA: percentage of area in a d‘strict devoted to commercial

purposes

Travel Impedance
TRAKSIT: transit availability; binary variable (1 if transit route
is within 1/2 mile; 0 otherwise)
AUTO TIME: average autonobile travel time for a district (minutes)

TRANSIT FARE: average transit fare for a district (cents)

Other
TRIPS: number of one-way, non-vork vehicular trips by elderly

persons from a household
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Table 2. Variable means and standard deviations

Yariable Mean Standard Deviation
TRIPS .87 1.35
ELDERLY 1.31 .49
KON-ELDERLY 1.13 1.83
CARS .92 * .87
LICENSES .53 .63
HWORKERS .10 .30
INCOME 84.50 63.40
COM. AREA 48.24 33.55
AUTO. TIME 15.80 4.30
TRANSIT FARE 21.90 19.00

Travel times and costs represent dimensions of travel impedance. Some form of composite,
average impedance variables must be constructed for every household to represent the
impedance for trips which might have been taken but were not. The level of service variables
used in our model for this purpose are averages across all trips actually made from each
district. As shown by Ben-Akiva and Lerman (1977), this measure of accessibility is not
consistent with random utility theory. They (and other researchers) suggest the expectation of
the maximum utility alternative among all combinations of mode, destination and route choice
for this purpose. Although theoretically superior, this measure was not used since it requires
the estimation of mode choice models, destination choice models and an assignment model,
tasks which were beyond the scope of this work.

Specification of the utility functions is shown in Fig. 2, with the alternatives defined up to
six daily trips (the maximum reported in the sample). All the variables, excluding the constants,
entered in generic form. The specification of all variables with respect to the index set was
chosen simply as linear (i.e. V;=i- B;X], where X, is the generic variable under consideration
and B; its coefficient), excluding two variables which were hypothesized to influence only the

Ucility

Factions B 8 By B, B 8 B B B By By B, B, B, B
VCI 0 0 0 0 0 0 0 0 0 ‘ 0 0 0 0 0. 0
\Tl 1 0 ] 0 0 0 1/ELD RE LCS WER CRS cA TR AT LIF
Vz 0 1 0 o -0 0 2/ELD 2%*NE LCS  24WKR  2%CRS 2%CA TR 2®AT  2HLIF
""3 0 c & 0 0 0 3/ BLD 3*NE LC3 3*WKR 3%CRS  3*CA TR IXAT  I*LIF
Vl,’ 0 0 ¢} 1 0 0 4/ELD  4*NE LCS  4AWER  4*CRS  4#CA TR 4%AT  4*LIF
VS 0 0 [¢] o 1 0 5/ELD  5*NE LCS S5*WKR 5%CRS  5%CA 'I'R 5%AT  S*LIF
v 0 0 0 0 o 1 6/ELD  6%NE LCS  6*WKR  6%CRS 6%CA TR  6%AT  GALIF

LEGEND (see Table 1 for varisbles definitions

ELD - ELDERLY -
NE - NON-ELDERLY
LCS - LICENSES
WER - WORKERS
CRS = CARS
CA = COMM AREA
TR = TRANSIT
AT - AUTO TIME
. INCUME
V¥ = Lo (rmnstr rang)

Fig. 2. Specification of the utility functions.
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“no trip” versus “take a trip” (i.e. one or more) decision. These two variables are the transit
availability (TRANSIT) and the Jdriver Jicenses (LICENSES). The reason for this specification
is that no more than one daily transit trip was expected to be taken and thus, it was expected
that TRANSIT would influence only the 0/1 decision. As to LICENSES, the above mentioned
specification was chosen in order to refiect the expected role of this variable as a proxy for
physical condition, distinguishing between “home staying” and “outgoing” clderly. The rest of
this section deals with the specification of the variables themselves.

The number of trips made by the elderly was expected to be positively correlated with the
number of elderly individuals in the household (ELDERLY). However, this effect was
hypothesized to exhibit diminishing returns due to a substitution effect among the elderly for
some trip purposes. Thus, this variable entered as an hyperbelic function (I/ELDERLY, with
the expectation of a negative coeflicient, B4). :

The specification of the cost impedance variable as natural log of the ratio of income to
transit fare [La(INCOME/TRANSIT FARE)], requires some explanation. The ratio
specification was chosen in order to capture an income effect. That is, individuals with higiier
income tended to live in the suburbs, encountering higher travel cost. Since income was
expected to have a non-linear effect on trip generation, the natural log of the ratio was specified.

Two level-of-service variables, automobile cost and transit time were omitted from the final
specification in earlier trial runs. Both of them were very low in magnitude and not statistically
significant. It was hypoihesized that since the trips taken were relatively short, the fixed cost of
owning a car (captured by the car ownership variable) was a much more important determinant
of travel behavior than the variable cost. The insignificance of the transit travel time variable is
probably due to the relatively low income and the low number of workers among the elderly
which cause, in turn, a low value of their time. As mentioned above, including all the
dimensions of travel impedance in a consistent way, would have required estimation of other
travel demand models.

7. ESTIMATION RESULTS

The results of the estimation are shown in Table 3 for the variables in the estimated utility
functions—VH”.-. In all cases except for auto time (AUTO.TIME), commercial area (COMM.
AREA), transit availability (TRANSIT), and for the constant for Vi, the coefficients are
statistically different from zero at the 1% confidence level. Estimation of the complete model
required 0.16 min of CPU time on the MIT IBM 370/168 computer. Standard errors are reported
in parentheses below each coefficient estimate.

As expected, the number of driver’s licenses held by elderly members of the household is
very significant in explaining the decision to travel (that is, to take one or more trips).
Complementary estimation runs, using other specifications for this variable, verified the initial
hypothesis as to the role of this variable.t It serves to divide the elderly population into
relatively mobile and immobile groups. In this context, it is believed that the holding of a
driver’s license is an indicator of physical fitness,

The negative sign for the number of non-elderly household members, (NON-ELDERLY),
indicates that elderly individuals living in households with non-elderly members travel relatively
less frequently than individuals in exclusively elderly households. It is likely that non-elderly
household members substitute for the elderly for some necessary trips (such as shopping). To
some extent, this effect may also be caused by differences in health; healthier elderly
individuals might tend to live independently.

The relatively large standard error for commercial area density, COMM.AREA and transit
availability, TRANSIT, supgests that these variables are misspecified in the data. The com-
mercial area densily variable was intended to represent the opportunity for walking trips. Of
interest are the availability of stores and other potential trip destinations within walking
distance of each residence. Since the COMM.AREA variable used is specific to each district,
(no other data was available), microscale opportunities for each household are not accurately
presented.

1In those runs this variable was specified as alternative-specific and all coefficients for utilities higher than the Vo were
found to be st-viztically indistinguishable from zero at the 1072 significance level.
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Table 3. Estimated coefficients of the wility functions

£

VARTABL Yo Vah Y302 Vajs V5|4 Y15

CONSTANTS 625 1.29 1.33 1.28 1.57 1.28
(.447) (.378) {.390) (.431) (.492) {.549)

1/ELDERLY -.588 -.983 -.988 -.988 -.988 -.988
(.286 (.286) (.286) (.286) (.286) (.286)

NON-ELDERLY -, 247 -.247 -.247 -.247 -.247 -.247
(.054) (.064) {.064) (.064) (.064) (.064)

CARS . 388 385 .385 . .385 .385 365
{.110) (.110) (.110) (.110) (.110) {.110)

LICENSES 1.00 0 0 0 0 0
(1.76)

HORKERS 561 .561 .561 .561 .561 561
(.198) (.198) (.198) (.198) (.198) (.198)

COMM.AREA -.00322 -.003722 -.00322 -.00322 -.00322 -.00322

(.00198) (.00798) (.00198) (.00198) (.00198) (.00198)

TRANSIT .237 0 0 0 0 0
(.241) .

AUTO.TIME -.0287 -.0287 -.N287 -.0287 -.0287 -.0287
(.0152) (.0152) (.0152) (n.152) (.0152) (.0152)

INCOME -

Tn(sepreemte) .233 .233 .233 .233 .233 .233
TRANSIT. FARE (.081) (.081) - (.081) (.081) (.081) (.081)
Log likelihood at zero -668.9 Number of observations 1093
Log likelihood at convergence -345.8 (NOTE: STANDARD ERROR IN PARENTHESES)
Percent correctly predicted *66.6

Transit availability is a binary variable which has the value 1 if a transit route is within 1/2
mile of residence and zero otherwise. However, later analysis of the data indicated that for all
transit trips actually made by elderly individuals, the maximum distance walked to a transit stop
was three blocks, which is considerably less than the 1/2 mile criterion. Transit might be
perceived by elderly as available only within 1/4 mile of a transit route. As a result, this variable
is misspecified in the data and this might have caused the large dispersion in the estimator of its
coefficient.

The WORKERS variable, the number of employed elderly, has a positive sign. It is probably
capturing some health status and “outgoing” tendency among the elderly. It might also indicate
some income level, but probably more than this, independency that leads to more trips for all
purposes.

Before demonstrating the use of the model, the above results are compared mainly costwise
with the lincar regression and the multinomial probit models. '

8. COMPARISON WITH LINEAR REGRESSION AND
MULTINOMIAL PROBIT

For comparison, a least squares regression was applied to the same disaocregate data. The
same variables as in the nested-alternatives-logit were used with the same funciional form. The
estimation results were:

TRIPS = 1.08 - 0.415 * 1/ELDERLY —0.080 * NON-ELDERLY + 0.150* CARS +0.741 *-

(0.240) (0.034) (0.079) (0.098)
LICENSES +0.610 * WORKERS — 0.002 * COMM.AREA + 0,086 * TRANSIT — 0.010 *
(0.168) (0.0014) (0.132) (0.012)
INCOME
AUTO.TIME +0.113 * Ln (———1——)
(©0.062)  \IRANSIT FARE
R?=0.25 : , S=1.18

with standard errors reported in parentheses.
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The results of the least square regression are good, in the sense that all the signs agree with
our prior expectations. The magnitude of the estimated coefficients, cannot be meaningfully
compared between the models since the scales of the integer—a]ternatives—logit and the QLS
above are different. The same holds true for the standard “goodness of fit” measures: R? and
“per cent right” for the regression and logit, respectively, which are not comparable measures.

The primary explanatory variables in the model are driver’s licenses (LICENSES), number
of non-elderly members of the household (NON-ELDERLY) and the number of elderly
workers (WORKERS) (these variables are significantly different from zero, based on ¢-statistic
at the 1% confidence level). The results tend to indicate that the two variables that are very
likely to be highly correlated with physical fitness are the most significant ones.

Estimation of the least squares equation required only 0.021 min of CPU time on the MIT
IBM 370/168 computer. This is an order of magnitude cheaper than the nested-alternative-logit
estimation.

A multinomial probit model, the other alternative to the nested-~lternatives logit was not
calibrated but the cost of applying it can be estimated using the formula developed by Daganzo,
Bouthelier and Shefii (1977b). According to this formula, the CPU time required to estimate a
multinomial probit model for the same problem is approximately 8 min, This applies to the same
computer and the same number of iterations to convergence of the maximum likelihood
procedure, as the logit estimation, Thus, estimation of the nested alternatives logit is more than
an order of magnitude cheaper than a MNP model.

We now turn to demonstrate the use of the model in prediction carrying on with the above
example.

9. AGGREGATION AND PREDICTION
For most practical purposes and policy implications one would want to predict the
probability mass function of trip generation in the population. The aggregation technique used
here is that of complete enumeration of all data observations. For each household ¢, the
expected choice probabilities:

(24a)

Priipy = 1F et

i

were computed. Then the probability of choosing each number of trips was calculated by eqn
(21):

Py = (1= Piayjr) H | . (24b)

and these probabilities were summed over all observations in the data and normalized:

M=

%, P, 24¢)

Ll
—

where P, is the share of the population choosing alternative i, and N is the number of
observations (households) in the sample,

The number of trips in the predicted distribution is, of course, not limited to six trips since
variables that were specified in generic form (and all of them but the constants were), could be
used to predict the probability of taking any number of trips. The observed shares in the sample
and the predicted shares (7;) are shown in the second and third columns, respectively, of Table
4 below.

1This aggregation method was termed “The Naive Approach” by Koppelman (1976).
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To illustrate the use of the model for prediction, the impacts of three transit improvement
strategies were simulated and the expected aggregate trip generation probabilities calculated,
using complete enumeration. The three simulated strategies were:

(1) a 50% reduction in transit fare;

(2) assuring transit availability to all elderly individuals:

(3) strategies 1 and 2 in combination.

To perform these predictions, the data observations were altered to reflect the impact of the
various strategies. For example, strategy 3 was modelled by imposing TRANSIT =1 on all
households, and reducing all observed transit fares by 50%. The results are summarized in the
last three columns of Table 4. Changes in travel cost seem to have a larger effect on trip
generation than changes in transit availability. This is not surprising since only 22.6% of the
elderly households do not have transit available (within 1/2 mile).

The predicted impact from reducing travel cost implies a value for the (arc) fare elasticity of
demand for travel. A 50% reduction in cost resulted in a 14.6% increase in travel, so the implied
arc elasticity of trip generation by the elderly with respect to the transit fare is — 0.30. It should
be emphasized, however, that this does not imply that transit will capture the entire increase in
travel; transit fare acts as a composite variable reflecting travel costs in the model. Differentiat-
ing the modal impact of impedance variable changes would require re-specification of the model
to differentiate among modal choices. Alternatively, a modal split model may be applied using
the predictions of travel obtained from the trip-generation model.

10. CONCLUSIONS

The elderly trip generation behavior discussed in the second part of this paper was brought
only as a demonstration of the model presented in the first part. It exemplifies a whole class of
problems to which the nested-alternatives-logit can be applied.” This class of problems is
characterized by ranked and nested alternatives in the choice set, i.e. an observed choice
implies that all lower-ranked alternatives have been chosen as well. The essence of the model is
in capturing the special correlation implied by the definition of nested alternatives and
overcoming the difficulty arising from applying the multinomial logit to this problem: the
independence from irrelevant alternatives. From the mathematical point of view the principle
upon which the model is based is to transform the logit model and the data itself using the same

Table 4. Observed and predicted aggregate probabilities

Transit Improvement Strategies

# of Base Average Fare Improved
Trips Obseryed Case Household Reduction Availability Both

0 567 567 589 536 557 525
1 .221 .224 229 .225 .230 230
2 00 .098 A 102 .100 .08
3 .053 050 .08 057 .051 058
4 .022 .022 025 .026 .022 .026
5 .015 .016 .014 .020 .016 .020
6 .000 .016 .009 .021 016 .021
7 .000 .005 .003 007 .005 .007
8 .000 .002 002 .002 .002 .003
9 .000 .001 .001 .001 .001 .001
10 .000 .000 .000 000 .000 .000
Mean 872 886 . 865 1.017 906 1.038

% Increase 14.8 2.3 17.2

5 TS



204 ‘ YOSEF SHEFFI

transformation shown in eqn (13); thus no posterior back-transfermation of the result is needed
and one gets the desired coeificient directly from the computer output.

The advantages of the nested-alterna:ives-logit presented in this paper are the following:

(1) It is a disaggregate choice model and as such has all the advantages of logit, probit and
other choice models (i.e. relative statistical efficiency in the use of the data, a chuicé-theory
based functional form, and the ability to predict the whole distribution of choice, rather than
the mean only).

(2) The problem of independence from irrelevant alternatives, crippling logit analysis is
overcome with the use of this mcdel, albeit specific correlations among the alternatives.

(3) The use of existing logit computer packages for the estimation of the model is
straightforward and no special maximuin likelihood routine is needed.

(4) No prior definition of the number of alternatives in each individual’s choice set is
required (e.g. for a MNL or a MNP model the alternatives have to be specified as (for example)
0, 1, 3 or more). This eliminates possible biases that might have been introduce¢ by lumping the
higher ranked alternatives as a single alternative.

(5) By having to specify the model with respect to the utilities’ index set as well, one is
provided with a convenient tool for introducing patterns of behavior that relate simply to the
ranking of the alternatives,

(6) The computation costs are modest: an order of magnitude less than a probit model and
generally comparable with MNL analysis.

As an aside, note that the example application of the model might suggest several
conclusions regarding trip generation behavior by elderly, including:

(1) The elderly may be divided into mobile and relatively immobile groups on the basis of
driver’s license ownership.

(2) Elderly individuals living independently of non-elderly tend to travel more frequently.

(3) Travel impedance and level of service seem to significantly affect trip generation.

(4) In future surveys concerning the elderly population, the following issues have to be
taken care of: (a) Specification of the transit availability variable. (b) Information regarding
walking trips. (¢) Information regarding the physical condition of the interviewed individuals.

More working experience with the model would be necded in order to establish it as a
common tool for estimating choice probabilities 2mong nested, ordered altermatives. However,
its theoretical basis and the results of the example above seem to warrant its usefulness .

;i_ckﬁowledgemen!s—"l‘he author would like to thank Moshe Ben-Akiva of M.L.T. who initiated the idea of this model
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also go to Carlos Daganzo of the University of California, Berkeley and S. Lerman of M.I.T. for their helpful comments.
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